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We report on the observation of multiple third-harmonic conical waves generated in an annular periodically
poled nonlinear photonic crystal. We show that the conical beams are formed as a result of the cascading
effect involving two parametric processes that satisfy either the transverse and/or longitudinal phase-patching con-
ditions. This is the first experimental observation of third-harmonic generation based on nonlinear Raman–Nath
diffraction. © 2011 Optical Society of America
OCIS codes: 190.2620, 190.4410, 220.4000, 050.1940.

Third-harmonic generation (THG, also called frequency
tripling) is important in many applications as an effec-
tive way to achieve coherent light source at shorter
wavelengths. To get efficient THG one often employs a
two-step cascaded process that involves successive
second-harmonic generation (SHG, ωþ ω ¼ 2ω) and sum-
frequency mixing (SFM, 2ωþ ω ¼ 3ω) [1]. In a non-
linear photonic crystal (NPC) [2–4], this process can be
realized by using the quasi-phase-matching (QPM) tech-
nique [5–8] that involves a periodic variation to the sign
of the second-order nonlinearity χð2Þ [9]. The resulting
modulation enables one to phase-match the constituent
processes via a set of reciprocal lattice vectors (RLV),
i.e. k2 − 2k1 ¼ G1 for SHG and k3 − k1 − k2 ¼ G2 for
SFM, with klðl ¼ 1; 2; 3Þ being the wave vector of the
interacting waves and G1;2 being RLV [10–12]. While
these two vectorial relations have been widely used in
realization of efficient cascaded THG, it is interesting to
see the emission of a third-harmonic (TH) via the so-
called Čerenkov-type interaction [13]. The Čerenkov THG
represents the type of noncollinear frequency tripling that
satisfies only the longitudinal phase-matching conditions:
k2 cos θ1 ¼ 2k1 for SHG and k3 cos θ2 ¼ k2 cos θ1 þ k1 for
SFM, with θ1;2 being the Čerenkov angles for the second-
harmonic (SH) and TH waves, respectively.
One question is raised whether it is possible to

realize cascaded frequency tripling via transverse phase-
matching only. It was shown recently that the propaga-
tion of a light beam in periodic NPC leads to multiorder
diffraction of the SHwhen the transverse phase-matching
condition k2 sin α ¼ mG (m is integer) is satisfied
[14–16], in an analogy to linear Raman–Nath diffraction
[17]. Thus, one may expect the nonlinear Raman–Nath
diffraction of the TH wave via transverse phase-matched
SHG and SFM. However, up until now, only the purely
longitudinal (Čerenkov) phase-matched THG was ob-
served [13]. In this Letter we report for the first time on
experimental observation of THG which relies on cas-
caded transverse (Raman–Nath) phase-matching. More-
over, we observe for the first time the THG nonlinear
diffraction based on cascading of transverse and
longitudinal phase-matched processes. The different

phase-matching possibilities provide a set of TH rings
at different angles.

The annular NPC was fabricated using electric poling
of a Z-cut MgO:doped stoichiometric lithium tantalate
(SLT) crystal (thickness 490 μm). The period is 7:5 μm
and the duty factor varies inside the sample from 0.7
to 0.8. The domain-inverted structure on the þZ-facet
of the sample is shown in Fig. 1(a). The fundamental
beam from an optical parametric amplifier (Topas), de-
livering 150 fs pulses at 1:5 μm (repetition rate 250Hz),
propagates along the Z-axis of the sample. The laser is
loosely focused to produce a beam waist 100 μm that cov-
ers roughly 25 domain periods of the sample. The pump
intensity is typically ∼60GW=cm2.

In Fig. 1(b) we show the observed harmonic pattern in
far-field. The simultaneous conical emission of the SH
and TH waves is clearly seen. We blocked the center spot
of the THG (which is non phase-matched and collinear

Fig. 1. (Color online) (a) Front facet of the SLT sample with
annular domain structure. (b) Far-field image of the SH and
TH signal generated via the nonlinear diffraction. (c) and
(d) Enlarged section of the SH and TH emission pattern located
near the direction of propagation of the fundamental beam.
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with the fundamental wave) to avoid its scattering on the
screen. With the fundamental and TH waves being
blocked by suitable filters, an expanded view of the SH
emission is displayed in Fig. 1(c). Two SH rings are ob-
served, whereby the inner ring is attributed to the non-
linear Raman-Nath diffraction and the outer ring to the
Čerenkov process. The multiple emission of conical TH
waves in NPC is observed here for the first time. These
TH beams can be classified into two groups according to
their propagation angles: (i) central rings surrounding the
fundamental beam and always located inside the bigger
SH ring [see Fig. 1(d) for an expanded view], and (ii) two
peripheral rings, situated relatively far from the funda-
mental beam. The generation of such THwaves is a result
of two-step cascading effect. Their propagation angles, as
we will discuss below, agree well with those predicted by
the cascading of two parametric processes that are either
transversely or longitudinally phase-matched.
To explain the generation of TH rings in details, we

consider the phase-matching conditions for the pro-
cesses of SHG and SFM. For SHG it has been known that

the transverse condition kðmÞ
2 sin αm ¼ mG leads to the

multiorder SHG via nonlinear Raman–Nath diffraction
[14,15]. In our case the first- (m ¼ 1) and fourth-order
(m ¼ 4) SHG are observed. Coincidentally, the fourth-
order SHG also exactly satisfies the nonlinear Čerenkov
radiation condition, i.e. kð4Þ2 cos α4 ¼ 2k1 [18]. The corre-
sponding phase-matching diagram is schematically
shown in Fig. 2(a). In a similar way, we analyze the SFM
relation by splitting it into the transverse and longitudinal
phase-matching conditions:

kðm;nÞ
3 sin βm;n ¼ ðmþ nÞGþΔk3t; ð1Þ

kðm;nÞ
3 cos βm;n ¼ k1 þ kðmÞ

2 cos αm þΔk3l; ð2Þ

where βm;n is the internal propagation angle of the TH
wave, and Δk3t, Δk3l are the phase mismatches in the
transverse and longitudinal directions, respectively. In
fact, these two scalar relations, as have been verified in
experiment, can take effect independently of each other.
Note that, for the transverse phase-matching, the SHG
depends only on the diffraction order m and the SFM de-
pends only on the order n, while for the longitudinal case,
both SH and TH emissions involve only the mth order.
Hereafter, we use a single index m for the longitudinally

phase-matched TH [kðmÞ
3 and βm] to distinguish it from the

transversely matched TH [kðm;nÞ
3 and βm;n].

When the transverse phase-matching condition
(Δk3t ¼ 0) is satisfied [Fig. 2(b)], the internal propaga-
tion angles of the TH waves can be found from the rela-
tion sin βm;n ¼ ðmþ nÞλ3=n3Λ, (where n3 is the TH index
of refraction) which can be regarded as the nonlinear
Raman–Nath condition governing the diffraction of the
TH waves on a NPC. In addition, the efficient THG may
also take place under the condition of Δk3l ¼ 0 [see
Fig. 2(c)]. In this case the propagation angle of the TH
beam satisfies the relation cos βm ¼ ðn1 þ 2n2 cos αmÞ=
ð3n3Þ, depending on the material dispersion as well as
the emission angle of the intermediate SHG. In a special
case when the intermediate SHG satisfies the Čerenkov
SHG condition (cos αm ¼ n1=n2), the emission of the cor-
responding TH will be determined only by the material
dispersion: cos βm ¼ n1=n3. This special frequency tri-
pling has been observed as a Čerenkov THG since it re-
lies on the purely longitudinal phase-matching [13].

The discussion so far considered the phase-matching
conditions in a single plane. However, since the funda-
mental beam is incident exactly in the center of the
annular structure, the same reasoning applies to any azi-
muthal angle and consequently the harmonic radiation
will appear in the form of concentric cones.

In Table 1 we list measured and predicted propagation
angles of the SH and TH waves, using the refractive index
data reported in [19]. Good agreement between theory
and experiment is evident. The internal three TH rings
[group (i)] are generated by cascading two transversely
phase-matched parametric processes and hence repre-
sent the nonlinear Raman–Nath diffraction of THG. For
the peripheral two rings [group (ii)], the internal one is
contributed from a transversely phase-matched SHG fol-
lowed by a longitudinally phase-matched SFM, while the
external one is contributed from cascading two longitud-
inally phase-matched processes and hence represents
the Čerenkov THG. Based on our measurements, we

Table 1. The Harmonics and Corresponding Transverse (TPM)/Longitudinal (LPM) Phase-Matching Conditions

Harmonic Measurement Theory Step 1: SHG Step 2: SFM

SH1[kð1Þ2 ] 5:75° 5:74° sin α1 ¼ λ2=n2Λ
SH2[kð4Þ2 ] 23:87° 23:89° sin α4 ¼ 4λ2=n2Λ
TH1[kð4;−1Þ3 ] 11:51° 11:73o kð4Þ2 TPM: sin β4;−1 ¼ ðmþ nÞλ3=n3Λ, m ¼ 4, n ¼ −1

TH2[kð4;0Þ3 ] 15:64° 15:66° kð4Þ2 TPM: sin β4;0 ¼ ðmþ nÞλ3=n3Λ, m ¼ 4, n ¼ 0

TH3[kð4;1Þ3 ] 19:51° 19:67° kð4Þ2 TPM: sin β4;1 ¼ ðmþ nÞλ3=n3Λ, m ¼ 4, n ¼ 1

TH4[kð1Þ3 ] 33:70° 33:70° kð1Þ2 LPM: cos β1 ¼ ðn1 þ 2n2 cos α1Þ=3n3

TH5[kð4Þ3 ] 39:30° 39:84° kð4Þ2 LPM: cos β4 ¼ n1=n3

α
ββ α

α
α

Fig. 2. (Color online) Phase-matching diagrams of (a) Raman–
Nath (transverse matching) and Čerenkov (longitudinal
matching) SHG; (b) Raman–Nath THG and (c) Čerenkov THG.
The angles for the different cases are given in Table 1.

August 15, 2011 / Vol. 36, No. 16 / OPTICS LETTERS 3267



estimated the normalized internal conversion efficiency
with respect to the pulse power for the Čerenkov THG
ηð4Þ3 ¼ 1:7 × 10−18%W−2 and that for the Raman–Nath in-
teractions of about one order of magnitude lower.
For better verification of our analysis we simulated the

emission of the harmonics in the annular χð2Þ structure
numerically using split-step Fourier method. Figure 3(a)
illustrates the calculated intensity distribution for both
harmonics. The agreement between simulations and ex-
perimental results is excellent. In simulations, for simpli-
city, we did not consider the effect of the hexagonal
shape of domain structure, which leads to the sixfold
modulation of the azimuthal intensity distribution in ex-
periment [18]. In Fig. 3(b), we plot the total TH power as
a function of propagation length, in which the coherently
growing TH power through the sample represents the ty-
pical character of the nonlinear Čerenkov radiation,
while its slight fluctuations reflect the contributions from
the Raman–Nath harmonics [18].
In conclusion, we have reported on the observation of

multiple TH conical waves generated in an annular per-
iodically poled NPC. We have explained the observations
by employing the concept of cascaded nonlinear interac-
tion combined with the transverse and longitudinal
phase-matching conditions. The TH rings hence repre-
sent the cascaded variant of the nonlinear Raman–Nath
diffraction and nonlinear Čerenkov radiation. Whereas
the angle of the Čerenkov ring is determined solely by the
material dispersion, the angle of the Raman–Nath pro-
cess can be controlled by the nonlinear modulation pat-
tern. Hence, this provides a tool for controlling the
angular spectrum of the diffracted TH wave. This phe-
nomena can find application in nonlinear microscopy

and nondestructive evaluation of the domain structure
in ferroelectric crystals [20]. Moreover, the effects stud-
ied here may be also observable in other types of non-
linear physical systems, including, e.g. high-intensity
acoustic waves in solids.
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Fig. 3. (Color online) (a) Calculated harmonic emission in the
far-field; (b) the TH power growth with the propagation length.
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