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Beamswhich follow curved trajectories are useful in a variety of
applications, but up to now have been realized mainly in linear
media. We demonstrate theoretically and experimentally the
generation of second-harmonic (SH) beams which follow
arbitrary convex caustic trajectories. These beams are created
in a nonlinear photonic crystal with a second-order susceptibil-
ity having a tailored pattern; hence, the SH beam follows
the desired trajectory after exiting the crystal. The same crystal
can incorporate more than one trajectory, enabling the
nonlinear creation of bottle beams as well as beams with
switchable caustic trajectories that can be controlled by the
phase-matching conditions. © 2017 Optical Society of America
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Light beams which follow a curved trajectory along their propa-
gation have been a subject of great interest over the past years,
owing both to their counterintuitive propagation dynamics in free
space as well as their promise for applications in optical manipu-
lation [1], material processing [2], light-sheet microscopy [3], etc.
The first to exhibit this property was the Airy beam [4], the
solution of the paraxial Helmholtz equation which follows a para-
bolic trajectory in free space. This beam is the optical equivalent
of the quantum-mechanical Airy wave packet [5] as the solution
to the Schrödinger equation for a free particle. The Airy beam has
been realized in many different media, including free space [4],
nonlinear optics [6], plasmon waves [7], electron waves [8], and
recently even in water waves [9,10]. Other analytical solutions of
beams with parabolic and elliptic trajectories exist in the non-
paraxial regime [11].

The acceleration of these waves is a manifestation of a con-
structive interference pattern which follows some convex curved
trajectory. For example, the ideal Airy beam has infinite energy
and an infinite amount of lobes, allowing for it to accelerate in-
finitely since the beam energy along the curve arrives from the side
lobes [12]. In reality the beams are truncated, usually using
an exponential or Gaussian window, in order to maintain finite

energy and therefore undergo diffraction and abandon their
curved trajectory after some distance. Having understood this,
one can create beams which follow arbitrary curved trajectories
over a limited propagation distance (beyond the simple parabolic
trajectory of the Airy beam) by tailoring constructive interference
of waves along the desired trajectory. Each point along the desired
trajectory c�x� in the propagation axis x must have a correspond-
ing tangent line at x � 0 with slope θ, which builds it construc-
tively so that dc�x�∕dx � tan θ. This can be parameterized using
dc�x�∕dx � �c�x� − y�∕x, with y being the transverse axis. The
transverse phase φ�y� of the beam at x � 0 can then be derived
geometrically [13]:

dφ�y�
dy

� k sin θ � kc 0�x�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� �c 0�x��2

p ; (1)

where k is the wave vector and c 0�x� � dc�x�∕dx. This concept
has been used before to create arbitrary convex trajectories in lin-
ear media such as free-space optics [13,14], plasmon waves [15],
and acoustic waves [16]. Here, we demonstrate the nonlinear gen-
eration of beams with arbitrary caustic trajectories in a quadratic
nonlinear medium, in the process of second-harmonic (SH) gen-
eration. SH beam-shaping has been achieved before by modula-
tion of the second-order nonlinear susceptibility χ�2� of a crystal in
a discrete [17] or continuous manner [18]. In order to achieve the
desired caustic trajectory in the SH, we encode the transverse
phase on χ�2� using binary computer-generated holograms [19]:

χ�2��y; x� � χ�2� sign
�
cos

�
2π

Λ�Δk� x � φ�y�
��

; (2)

where x is the propagation direction, y is the transverse axis, and
φ�y� is the transverse phase which is calculated using Eq. (1).
Λ�Δk� � 2π∕Δk is the modulation period used to compensate
for the phase mismatch Δk�λ; T � for a certain temperature T and
input wavelength λ:

Δk�λ; T � � 4π

λ

�
n�λ; T � − n

�
λ

2
; T

��
: (3)

Here, n�λ; T � is the refractive index of the photonic crystal at the
input wavelength λ and temperature T . This results in a binary
continuous curved periodic modulation of χ�2� with very high
curvature, considerably higher than the typical required

Letter Vol. 4, No. 1 / January 2017 / Optica 153

2334-2536/17/010153-04 Journal © 2017 Optical Society of America



curvatures in other applications [6,20]. The SH beam created in
the crystal will acquire the transverse phase φ�y� and therefore
follow the planned trajectory upon exiting the crystal, as is illus-
trated in Fig. 1(a). The transverse phase can generally be calcu-
lated numerically. In the paraxial approximation, the phase of a
polynomial trajectory c�x� � axn can be calculated through [13]

ϕ�y� � k2ωn2y2
�a�1 − n�∕y�1∕n
�2n − 1��1 − n� : (4)

Here, k2ω is the wave vector of the second-harmonic beam. In our
work, the phase was calculated numerically but in most cases the
difference between the numeric calculation and the analytic
paraxial solution obtained from Eq. (4) was negligible.

Furthermore, we can design a crystal which has two regions
with different phases φ1�y� and φ2�y�, thereby creating different
trajectories c1�x� and c2�x�. By choosing two trajectories in
opposite directions, we can create “bottle beams” [21], beams
which consist of a dark central region that is fully surrounded
by regions of high intensity. Optical bottle beams have been a
subject of interest in recent years, mainly due to their attractive
applications in optical tweezers for trapping and manipulation of
small particles [22]. If the beams are launched at their vertex
point, they need to be spatially separated in order to create a
“hot spot” at their convergence. Since we control both the trajec-
tory and the spatial separation, we can fully control the total shape
of the bottle beam and the location of the “hot spot”.

While this kind of shaping may also be achieved by different
methods such as using a spatial light modulator before the crystal
[23] or adding a mask after the crystal [24], unlike these, our
method also enables the creation of a switchable device. The
two different regions in the crystal can be planned to have
two different carrier frequencies Λ1 and Λ2 which compensate
for the phase mismatch Δk1�λ; T 1� and Δk2�λ; T 2� in two differ-
ent temperatures (or alternatively at two different pump wave-
lengths), as is illustrated in Fig. 1(b). In this way, we obtain a
temperature-controlled switch where, by changing the tempera-
ture of the crystal between the two different discrete phase-
matching temperatures, the SH process will be efficient only
in the region with the proper modulation period, so the generated
SH beam will follow the corresponding caustic trajectory at
the exit of the crystal. Since Δk�λ; T � is a function of both the
temperature and the input wavelength, the trajectory of the SH

beam can also be controlled by changing the input pump wave-
length. We note that another method for nonlinearly switching
the trajectory was demonstrated previously for Airy beams [25],
but it was based on selecting either a down-conversion process for
one trajectory or an up-conversion process for the other trajectory.
Here, a different switching process is used which relies on two
phase-mismatch values for the same process.

In order to experimentally explore nonlinear generation of
light beams with arbitrary caustic trajectories, we designed pat-
terns for several different polynomial curves. We then fabricated
these designs on stoichiometric lithium tantalate doped with
0.5% MgO (PP-Mg:SLT) crystals by electric field poling. The
inverted domain structure was created by applying an electrical
field upon a patterned electrode on the crystal surface. The maxi-
mum charge density was 60 μC∕cm2 and the maximum electric
current density was 184.7 μA∕cm2. The poled structure was
0.7 mm long for all designs, and ranged from 1.4 to 0.98 mm
in width. We used a 1064.5 nm Nd:YAG pulsed laser with
4.4 ns pulses at a 10 kHz repetition rate, working with a peak
power of ∼22 kW, as the fundamental beam. The beam was
focused using a cylindrical lens to a size of 400 μm × 150 μm
attained in the middle of the crystal. We used a CCD camera
to measure the output result after filtering the fundamental beam.
The crystal exit plane was imaged to the CCD camera using a
lens, and the beam’s propagation was measured in planes
0.25 mm apart over a total length of 12–40 mm.

First, we planned a non-monotonic curved polynomial trajec-
tory of ax4�a � 282251 m−3� spanning from the negative side of
the vertex to the positive side. The poling for this crystal was
7.88 μm, which phase-matches the laser wavelength at 100°C.
The fabricated crystal exhibits the desired curved modulation,
with some imperfections especially on the edges of the mask,
as can be seen in Fig. 2(a). These places have the highest curvature
and therefore require the highest fabrication resolution—a chal-
lenge for the poling process. This should cause the generated
beam to follow the desired curve closely at low angles and deviate
from it at higher angles. Simulation and experimental results can
be seen in Fig. 2(b).

We also designed crystals which create “bottle beams.” We
chose different polynomial trajectories in different directions
for each crystal: �0.437x2 and �10.93x3 (x given in meters),
spatially separated by 160 μm. The location of the point of in-
tersection between the two beams, the “hot spot”, can be easily
calculated to be at 13.5 mm and 19.4 mm from the crystal exit
plane. Both simulated and experimental beams form the hot spot
at approximately this location; results can be seen in Fig. 3. Here

Fig. 1. (a) Schematic diagram of our experiment: the input laser beam
(red) incident on the curved modulation of the crystal generates the SH
beam (green) which follows a curved trajectory. (b) Switchable trajecto-
ries: the trajectory of the SH beam can be controlled by changing the
temperature for a crystal with two different regions, each phase matching
the fundamental beam at different temperatures.

Fig. 2. Generation of a SH beam with a polynomial trajectory.
(a) Microscopic photo of fabricated crystal. (b1) simulation and (b2) ex-
perimental results of SH beam propagation after the crystal, following the
polynomial trajectory ax4. The designed trajectory is shown as a white
dotted line.
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also, deviation from the designed mask at high angles hinders the
regions of largest curvatures, but the general shape is conserved
despite the defects in fabrication. The beams cease to follow the
theoretical trajectory after the hot spot, owing to the finite width
of the crystal in the transverse (y) direction and the finite size of
the input pump beam. A wider crystal with a larger pump waist
can generate a beam that will follow the theoretical trajectory over
a larger distance [26].

Finally, we designed a crystal with a switchable caustic trajec-
tory: two different poling periods of 7.77 and 7.98 μm were used,
which phase-match our fundamental frequency laser at 50°C and
150°C, respectively. The different poled regions can be seen in
Fig. 4(a), where a microscopic image of the middle of the crystal
shows the two different periods. The designs used were polyno-
mial trajectories of opposite signs, c�x� � �bx3�b � 3.75 m−3�.
The change of trajectory can be also obtained by changing the
input pump wavelength from 1064.5 to 1050.75 nm. Results
can be seen in Fig. 4(b).

Conversion efficiencies of these beams are quite close to those
of a simple periodically poled crystal of the same dimensions. A
periodically poled crystal with the same dimensions as the bottle
beam and switchable trajectory designs has a theoretical conver-
sion efficiency of 1.84 × 10−7 W−1. Our simulated conversion
efficiency ranged from 8.7 × 10−8 to 1.21 × 10−7 W−1, the lower

efficiency being that of the switch since only half of the crystal
area is efficient at each temperature, yielding an overall lower ef-
ficiency. Experimental SH peak power for the bottle beams
ranged between 23 and 43 W, their corresponding efficiencies
being 4.65 × 10−8 to 8.32 × 10−8 W−1, i.e., approximately 68%
of the theoretical predicted efficiency. The SH peak power for
the switched crystal was ∼27 W with a corresponding efficiency
of ∼4.7 × 10−8 W−1, i.e., approximately 54% of the theoretical
predicted efficiency at both temperatures. The difference between
the measured and simulated results is mainly due to defects in
fabrication.

While the general method for caustic beam shaping can be
applied to both paraxial and non-paraxial waves and can be used
to create arbitrary convex trajectories [13,14], the nonlinear cre-
ation of these waves imposes limitations on the possible trajecto-
ries. One of these limitations arises from the limited resolution
of the poling pattern. Through a geometric calculation [see
Fig. 5(a)], the maximal bending angle θ of a ray can be easily
calculated from the fabrication poling resolution

θ � cos−1
�
RES · Δk

π

�
; (5)

where RES denotes the minimal feature size of the poled crystal
and Δk�λ; T � is the phase mismatch. While an SLT crystal can be
poled in any angle [27], this limitation arises from the difficulty in
creating very small domains. In our case, RES � 2 μm, thereby
limiting the angle to ∼60° for our range of wavelengths and
temperatures.

A second limitation on the maximal bending angle is the
length of propagation and beam width (and corresponding crystal
width). Since the beams created at the input plane are tangent to
the curve for a desired propagation distance Δx, the maximal
bending angle for a beam with waist of W 0 (and a crystal wide
enough to incorporate the entire beam) can be easily calculated
geometrically [see Fig 5(b)] to be θ � tan−1�3 	W 0∕Δx�. This
implies that, for longer distances Δx, the maximal angle is smaller.
Also, larger pump waist helps create larger angles. In our experi-
ment, this was the main restriction on the angle as we chose to
work over long distances. The maximal angles measured in this
work ranged between 0.2° and 7° (outside the crystal) due to the
large propagation distances and relatively small pump waist.

Another limitation arises from the interaction length (crystal
length). A short crystal generates caustic beams which closely fol-
low the designed trajectory but exhibit low efficiency, while the
beam generated in a longer crystal deviates largely from the de-
signed trajectory but has higher efficiency. This tradeoff has been

Fig. 3. SH generation of bottle beams. (a) Microscopic photo of fab-
ricated crystal showing the two different curved periodic domains spa-
tially separated. (b) Illustration of the crystal and pump beam, drawn
to scale with the y axis. (c1) Simulation and (c2) experimental results
for two different bottle beams, with parabolic (top) and quartic (bottom)
trajectories. The dotted line shows the planned trajectory.

Fig. 4. Thermal switching of the caustic trajectory. (a) Microscopic
photo of fabricated crystal (top), showing the two different curved peri-
odic domains with different poling periods. Bottom shows the designed
pattern, with the dotted square showing the location of the microscopic
image in the crystal. (b1) Simulation and (b2) experimental results
for 50°C (top) and 150°C (bottom). The dotted line shows the planned
cubic trajectory.

Fig. 5. Schematic illustration of the limitations described in the text:
(a) corresponds to the limitation arising from the minimal resolution
achievable by poling-RES and the constant poling period in x, Λ; (b) cor-
responds to the limitation arising from the input beam waistW 0 and the
propagation length Δx.
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analyzed before in the generation of plasmonic caustic beams,
where the number of cycles creating the beam yields higher cou-
pling efficiency [15] alongside deviation from the planned trajec-
tory. The main reason for this effect is the accumulated phase
gained by the created beam over the interaction length, which
causes it to deviate from the original curve. Taking these consid-
erations into account, we chose to work with relatively short crys-
tals of 0.7 mm. Even in this short crystal length, both simulated
and experimental beams do not follow the trajectory perfectly,
mainly due to this phase accumulation.

Considering the nonlinear switchable trajectory crystal, a ques-
tion arises as to what is the minimal temperature (or pump wave-
length) difference that can be designed on the crystal for a
noticeable change in the trajectory. This information is important
for the ability to know how well this crystal can sense change in
temperature or input pump wavelength. Assuming an unde-
pleted, plane wave pump, the intensity of the SH beam
created in a quasi-phase-matched crystal has the following
dependence [28]:

I � κ

�
sin��Δk − 2π∕Λ�L∕2�
�Δk − 2π∕Λ�L∕2

�
2

; (6)

where κ is a coupling constant, Δk is the phase mismatch, Λ is the
poling period, and L is the crystal length. For a distinguishable
difference between the two trajectories we can require that, where
one process that generates the first trajectory is most efficient, the
second process should be at its first minimum. This leads to a
simple separation condition:

Δk1�λ1; T 1� − Δk2�λ2; T 2� �
2π

L
: (7)

By fixing the wavelength and solving this equation for a given
crystal, the temperature sensitivity can be extracted. We can also
calculate the wavelength sensitivity by fixing the temperature and
choosing different wavelengths. Therefore we see that longer crys-
tals can achieve better sensitivity, but as was shown before [15],
the tradeoff is that the caustic beams may deviate from the
planned trajectory. The exact temperature (wavelength) difference
should be calculated according to the specific crystal’s diffraction
dependencies and changes accordingly. For instance, using a
0.7 mm long SLT crystal and a pump of 1064.5 nm, if the first
peak is phase-matched at 100°C, the temperature sensitivity is
∼40°C. Alternatively, for the same conditions, the wavelength
sensitivity is ∼4 nm. The sensitivity is greater in realms of strong
dispersion.

In conclusion, we have generated second-harmonic beams
having arbitrary polynomial trajectories by modulating the non-
linear coefficient so that it will quasi-phase-match the interaction
and simultaneously impose the required transverse phase on the
generated beam. To our knowledge, this is the first experimental
generation of arbitrarily curved light beams in nonlinear interac-
tion. The designs are not limited to the paraxial approximation
and, with current operating parameters, the trajectory angles can
reach 60° with respect to the optical axis. In addition, we inte-
grated two different designs on a nonlinear single crystal; two spa-
tially separated designs with opposite trajectories creating a bottle
beam, as well as a nonlinear switch where the caustic trajectory is

chosen according to the temperature of the crystal or the input
pump wavelength. These nonlinear crystals provide a compact
way of generating caustic beams in different wavelengths. Unlike
other methods which exist for shaping the pump beam before or
after a regular crystal, our method also enables the creation of a
switchable device. We also evaluate the design limitations of this
beam-generation process as well as the sensitivity of the nonlinear
switch. Experimental results show good agreement with simula-
tions, where the differences between them are caused by fabrica-
tion deviation from the planned mask.
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