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While the motion of a classical particle bounded to a surface
depends only on the local curvature, the dynamics of a quan-
tum particle depends also on the mean surface curvature. Its
influence can be experimentally observed using surface plas-
mon polaritons (SPPs), which are naturally surface-bounded
waves. Owing to the similarity between the Schrödinger and
the paraxial Helmholtz equations, this system can be used
to readily examine quantum phenomena. In this work, we ex-
perimentally show a new guiding mechanism based on this
quantum effect using the surface curvature of a book-cover
structure, whereas in the case of an inverse book cover with
the same local curvature but inverted mean curvature, the
SPPs rapidly diffract. Additionally we show that, by longitudi-
nally bending the book cover, the propagating mode width can
be dynamically controlled. © 2019 Optical Society of America

under the terms of the OSA Open Access Publishing Agreement
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The motion of a particle on a curved surface was theoretically
studied in the context of quantum mechanics by da Costa [1]
more than 35 years ago. In general, for each point on the
surface, we can define two circles that are tangent to it, with
radii R1 and R2. da Costa showed that the equation of motion
of a quantum particle bounded to a surface is different from
that of a classical particle, in that the tangent part of the wave
depends not only on the metric of the surface, defined by the
product �1∕R1� × �1∕R2�, but also on the mean curvature,
�1∕2� × �1∕R1 � 1∕R2�. The existence of geometric potential
for a quantum particle constrained to a curved frictionless surface
that vanishes for a classical particle is a controversial problem in
quantum mechanics, since there were difficulties in defining such
a potential [2–4]. Geometrical potential was demonstrated in
condensed matter [5] and nanoscale systems [6]. The propagation
dynamics of quantum particles can be studied using optical or
plasmonic beams by relying on the similarity between the
Schrödinger and the paraxial Helmholtz equations [7]. This
caused a revival in the study on curved-space geometric potentials
in recent years. Specifically, the propagation of light beams along
thin dielectric curved surfaces was studied theoretically [8–12]
and experimentally [13–16]. However, surface plasmon polari-
tons (SPPs) require no additional dielectric layers, since they
are two-dimensional waves that propagate at a metal-dielectric

interface, so the definition of the geometric potential is well posed
[17]. In virtue of their inherent two-dimensional nature, they pro-
vide an ideal environment for studying this phenomenon [18,19].
This advantage of SPPs for studying the propagation on a book-
cover surface was theoretically recognized by Della Valle et al. [17],
but up till now, experimental studies of the unique features of
plasmonic propagation along curved surfaces were not reported.

In this Letter, we study a plasmonic curved-space propagation,
and in particular, the propagation of SPPs on a structure with the
shape of a book cover [1,17]. Such a structure is obtained by a
plane bent around the surface of a cylinder of radius R1 and an
angular aperture 2θ. Here the radii of the two tangent circles are
R1 and R2 � ∞; hence the Gaussian and mean potential are 0
and 1∕R1, respectively. Though classically such a structure should
not exhibit guiding properties, it is effectively a finite square
potential well for quantum particles, thereby supporting bound
quantum modes. An inverse book-cover structure provides a
potential hill due to the sign change of the mean curvature,
and quantum particles would not be confined. The existence
of a mode on the book-cover structure and its absence on an
inverse structure provides the simplest and most direct evidence
of the mean potential’s role, but despite the many years that have
passed since it was proposed [1], it has never been tested exper-
imentally up till now, either with plasmonic waves, or with any
other type of waves.

The experimental setup is presented in Fig. 1. Continuous-
wave 1.064 μm laser light is grating-coupled to the silver
(Ag)-air interface, generating SPPs on the curved book-cover
structure. The plasmon’s intensity distribution is subsequently
measured using a near-field scanning optical microscope (NSOM,
Nanonics MultiView 2000). The grating was designed to generate
a Gaussian plasmonic mode [20] with 3 μm waist, to match the
desired guided mode’s width. To fabricate the curved-surface plas-
monic structure, we defined a photolithographic mask containing
clear and opaque lines, intended for inverted and normal book-
cover structures, respectively. The lines are 5 μm wide and
150 μm in length. Then, we follow a standard photolithography
process started with a silicon substrate, coated with AZ1518
photoresist by spin-coating at 3000 RPM for 40 s, followed
by a prebake on a hotplate heated to 115°C for 90 s. The photo-
resist is then exposed and developed. In the final step, we place the
sample on a preheated hotplate at 130°C for 90 s. At this temper-
ature, the resist begins to reflow [21], and the book-cover
structure is formed. We have found that the structure formation

Letter Vol. 6, No. 1 / January 2019 / Optica 115

2334-2536/19/010115-04 Journal © 2019 Optical Society of America

mailto:ady@post.tau.ac.il
mailto:ady@post.tau.ac.il
mailto:ady@post.tau.ac.il
mailto:ady@post.tau.ac.il
https://doi.org/10.1364/OA_License_v1
https://doi.org/10.1364/OPTICA.6.000115
https://crossmark.crossref.org/dialog/?doi=10.1364/OPTICA.6.000115&domain=pdf&date_stamp=2019-01-17


is repeatable and reproducible. In the last step, the structure is
coated with 100 nm of Ag, and a Raith IonLine focused ion beam
working at 35 kV and 90 pA is used to mill coupling gratings
directly on the book-cover structures. The grating was milled into
the Ag layer using focused ion beam. We can neglect the propa-
gation losses, since the propagation length of SPPs on the inter-
face between Ag and air at 1064 nm is about 1 mm, much larger
than all the distances we measure in our experiments.

The propagating mode is simulated using an effective-index
mode solver [22], using the geometric potential of the curved
surface. One may derive it as follows. First, Maxwell’s equations
are solved in curvilinear coordinates �σ, η,Z� [see inset of Fig. 1(a)]
on the cylindrical surface of the book cover, and a multiple-scale
asymptotic analysis is applied. The equation for the SPP envelope
becomes [17]

i
λ

2π

∂Aspp

∂Z
� −

λ2

8π2nspp

∂2Aspp

∂σ2
� V eff �σ�Aspp, (1)

where Aspp is the SPP envelope, λ is the wavelength, nspp �
�εd εm∕�εd � εm��1∕2 is the SPP’s effective index, and εd , εm are
the relative dielectric permittivity constants in the dielectric and
metal, respectively. V eff �σ� is the geometrical potential
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ffiffiffiffiffiffiffiffiffiffiffiffiffi
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with R1 cylinder’s radius. The equivalence in the form of Eq. (1)
and the paraxial wave equation in curvilinear coordinates [11,16]
allows us to find the topological refractive index n of the surface:

n �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2spp − 2nsppV eff

q
: (3)

Thus, the geometric potential, owing to the surface curvature,
induces a change in the refractive index. We emphasize here that
this change does not come from any variation in the metal or
dielectric materials, which have the same properties in the central
curved region, as well as in the flat regions that surround it. We
used n for the middle layer of an equivalent two-dimensional sym-
metric slab waveguide in our mode solver, where the first and last
layers represent the flat surfaces with the plasmonic refractive index

of nspp. We verified our calculations with a commercial FDTD
mode solver (Lumerical Solutions). Simulation results for the
propagating mode found by Lumerical and the mode solver are
presented in Figs. 2(a) and 2(b), respectively. According to the
mode solver, there are no propagating modes in the case of the
inverse book-cover surface, as expected from theory.

To test the theoretical predictions, we fabricated and experi-
mented with three structures: a book cover, an inverse book cover,
and a combined structure, as follows.

In the first experiment, we demonstrate a guided mode on a
150 μm long book-cover structure. Figures 2(a)–2(g) show good
agreement between simulation and measurements. The slight
asymmetry observed in Fig. 2(c) probably originates from asym-
metric collection efficiency of the NSOM fiber tip. The radius of
the cylinder is R � 4.8 μm, and the length of the chord that is
bounding the used segment of the cylinder is 4.17 μm. We show
that the profile of the SPPs at the beginning of the propagation
(green) and after a propagation of 40 μm (blue) are at the same
width and intensity; see Fig. 2(d). Also shown is the topographic
measurement of the book cover (red). The green SPP profile was
taken 8 μm from the grating because of the scattered sidelobes
from it, which are not part of the guided mode. The correlation
between the two SPP profiles in Fig. 2(d) is 0.89. In comparison,
we measured the SPPs generated by an identical grating on a flat
surface, Fig. 2(e), where it can be clearly seen that after a propa-
gation of 50 μm, the SPP profile is broader. The beam’s Rayleigh
range is 26.5 μm. The dashed black line in Fig. 2(e) shows the
width of the theoretical beam. The propagation of the measured
beam is slightly tilted with respect to the theoretical beam.

In our second experiment, we investigate an inverse book-
cover structure. Here, the mean curvature is opposite that of the
regular book cover. Our experimental results in Figs. 2(f )–2(g)
verify that SPPs are indeed not guided on this structure. It can

(a) (b)

Fig. 1. (a) Experimental setup for the book-cover structure. Inset, cur-
vilinear coordinates definition; (b) experimental setup for the inverse
book cover. The plasmonic beam is excited from free space through a
grating coupler, and an NSOM tip measures the intensity distribution.

(f)

(c)
(a) (b)

(g)

(d)

(e)

Fig. 2. Simulation and experimental results. (a) Lumerical mode solver
result for a book cover structure; (b) geometrical shape of the book-cover
structure (red) and the intensity distribution of the plasmonic mode
solver (blue); (c) 3D plot of the measured book-cover topography with
the intensity of the SPP overlaid; (d) measured topographic profile of the
book-cover structure (red) and the intensity distribution of the SPPs at
beginning of the propagation (green) and after 40 μm (blue); (e) SPPs
measured on a flat surface with a Gaussian grating. Dashed-dotted line
defines the theoretical width of a Gaussian plasmonic beam; (f ) 3D plot
of the measured inverse book-cover topography with the intensity of the
SPP overlaid; (g) measured topographic profile of the inverse book-cover
structure (red) and the intensity distribution of the SPPs at beginning of
the propagation (green) and after 50 μm (blue).
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be seen that the SPP width increases dramatically, and the inten-
sity decays to nearly zero over a propagation distance of 50 μm
[Figs. 2(f )–2(g)]. This behavior is predicted by theory, and it
proves the crucial role of the mean curvature on the SPPs’ propa-
gation dynamics.

As a third example, we fabricated a combined structure that
contains a book cover and two additional inverse book-cover
structures, one on each side, as shown in Fig. 3(a). Here we
use a wide coupling grating to couple the SPPs to all three struc-
tures simultaneously. As seen in Fig. 3(a), there is a guided SPP on
the book-cover structure in the middle, whereas at the edges of the
structure, the adjacent inverse book covers, no guided signal exists
throughout the entire 50 μm of propagation. This measurement
provides an additional proof that a book-cover structure can guide
plasmonic beams, but the inverted book cover cannot. The side-
lobes in Fig. 3(a) are generated from the rounded corners of the
structure. In Fig. 3(b), we show the overlap of the plasmonic pro-
files and the topographic profile at the beginning and end of the
structure. For a single book-cover structure, the rounded curva-
tures at the edges of the experimentally realized structure are insig-
nificant, since the plasmonic intensity there is negligible. For the
inverted book structure, the plasmonic beam exhibits rapid
spreading and will therefore reach the region in which the surface
is curved in the opposite direction. If this curvature has a large
radius, as in the case of Fig. 2(f ), it will not be able to “trap”
the plasmonic wave, but when it becomes small enough, as in
the case of Fig. 3, the plasmonic beam will be localized at the
“hills” and repelled from the “valleys” of the structure.

Finally, we show theoretically how to dynamically control the
propagating mode on the book cover by longitudinally bending
the structure on the (y, z) surface along a constant radius [12].
This bending is mathematically described using the conformal
transformation z � iy � R2 � exp�v � iu∕R2�. The equation
for the SPP envelope [Eq. (1)] becomes [12] (see Supplement 1)

i
λ

2π

∂Aspp

∂v
� −

λ2

8π2nspp

∂2Aspp

∂σ2
� V eff �σ�Aspp −

neff
R2

v�q2�Aspp,

(4)

where R2 is the radius of curvature normal to the y-z plane. The
additional potential neff∕R2 · v�q2� describes the variation of
the potential well with propagation, v�q2� being the length of
the curved structure from the input point; q2 is a curvilinear
coordinate that is aligned with the surface. By assuming the po-
tential changes slowly during propagation, the adiabatic theorem
can be applied [23]. Therefore, along the propagation, for every

v value, the SPPs remains in an eigenmode of the system; hence,
the output eigenmode depends on the bending radius and struc-
ture length, L. For positive radius R2 [Fig. 4(b)], as the radius
increases, the width of the mode is reduced with respect to the
width of the mode when R2 � ∞ [Fig. 4(a)]. For the negative
radius, Fig. 4(c), the mode width is increased until the book cover
does not support a mode anymore. For this radius, there is a can-
cellation of the potential well. Hence, by changing the radius of
the bending, from −0.5 m to 0.5 m, we can control the mode
width, as shown in Fig. 4(d) for book-cover structures with
the same profile as in Fig. 2(c) that are 150 μm long.

It is important to note that the structures we study here are
fundamentally different than the so-called grooved or channel
SPP waveguide [24] and wedged SPP waveguide [25,26]. These
structures consist of two planar metal-dielectric layers that are
connected by a tiny subwavelength radial region, with typical di-
mensions of several tens of nanometers. The guiding mechanism
in those structures is not based on the geometrical potential, but
on the increase in the effective index when the two planar inter-
faces are in close proximity [24]. As a result, the guided mode is
tightly confined, with deep subwavelength dimensions, to either
the bottom of the groove or the top of the wedge. In contrast to
that, the guiding mechanism we study here is based solely on the
curvature of the surface, and the dimensions of the curved region
and the guided mode are of the wavelength scale. Whereas the
groove structure can guide SPPs, the inverted book-cover struc-
ture cannot because of the different guiding mechanism: the
negative mean curvature means that the geometric potential acts
as a potential barrier, and therefore guiding is prohibited, as we
showed in Figs. 2(f ) and Eq. (3). The inverted book cover starts to
guide when the distance between the planar structures on the two
sides of the curved region is of the same order as the plasmonic
decay in the dielectric, and the corresponding radius of the
curvature should be below ∼0.5 μm. Since in our experiment the
radius of the inverse book cover was 10 μm, guiding was not
observed, and the propagation was controlled by the geometric
potential. We also should highlight the differences with respect
to dielectric-loaded waveguides on flat surfaces, in which an
additional high-index stripe is employed to guide the beam.

Fig. 3. Experimental results. (a) 3D plot of the measured combined
book-cover topography with the intensity of the SPPs overlaid; (b) profile
of the combined book-cover structure (red) and the profile of the SPPs as
measured with the NSOM at the beginning of the propagation (green)
and after 50 μm (blue).

(a) (b) (c)

(d)

Fig. 4. Longitudinal bending of the book-cover structure. (a) R2 � ∞
with Cartesian and curvilinear coordinates shown; the colors in this figure
visualize the bending of the structure; (b) positive R2; (c) negative R2;
(d) mode width as a function of 1∕R2 for L � 150 μm.
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This additional layer is not needed here, but the curved-space
waveguide enables direct near-field coupling to the guided mode
(which was used here for the NSOM measurements), whereas in
a dielectric-loaded waveguide, the high-index dielectric layer
prevents direct access to the mode, and only a small fraction
of the beam that leaks through the dielectric of the metal can
be probed.

In conclusion, we investigated the role of the mean curvature
by showing guiding of SPPs on a curved surface with the shape of
a book cover. Our experimental observations are in excellent
agreement with the theory of a quantum particle confined to
curved surfaces, where both the mean curvature and the metric
of the surface determines the propagation dynamics, in contrast to
classical particles. The ability to fabricate, measure, and control
SPPs on curved surfaces opens new research possibilities, enabling
experimentation on a variety of quantum phenomena. It can be
used to study accelerating beams on curved surfaces [27], to
explore the propagation of SPPs on curved graphene surfaces
[28,29], to study Bloch oscillations in an array of curved-space
waveguides [12], and to realize new types of plasmonic topologi-
cal optical elements–lenses [30–35], deflectors, diffractive ele-
ments, etc.,–in a compact manner by proper curvatures of the
metal-dielectric boundary. In addition, these book-cover struc-
tures can guide signals between planar metasurfaces [36,37].
Furthermore, it can be used for mimicking general relativity
effects, e.g., by constructing analogs of black holes [19] and white
holes, and by studying the formation of event horizon and
Hawking radiation [38]. Another future prospect is studying the
propagation along plasmonic curved lines, as proposed by da
Costa [1], where the reduced dimensionality can be reached
by forming metal lines on curved dielectric substrate.
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